On structure of graphs embedded on surfaces of nonnegative characteristic with application to choosability  by Xu, Baogang
Discrete Mathematics 248 (2002) 283–291
www.elsevier.com/locate/disc
Note
On structure of graphs embedded on surfaces
of nonnegative characteristic with application
to choosability
Baogang Xu
Academy of Mathematics and Systems Science, Institute of Systems Sciences, CAS, Zhongguancun,
Beijing, 100080, People’s Republic of China
Received 2 April 1999; received in revised form 7 July 2000; accepted 23 April 2001
Abstract
In this paper, we prove a structural theorem of Lebesgue’s type concerning some unavoidable
con1gurations for graphs which can be embedded on surfaces of nonnegative characteristic and
in which no two 3-cycles share a common vertex. As a corollary, we get a result about choos-
ability of graphs embedded in surface of positive characteristic. c© 2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction
All graphs considered are 1nite and simple. Unde1ned notations and terminologies
can be found in [4]. Surfaces are all compact, connected 2-manifolds without boundary.
All embedding considered are 2-cell embedding.
Let G = (V; E; F) be an embedded graph, where V; E and F denote the set of
vertices, edges and faces of G, respectively. We use NG(v) and dG(v) to denote the
set and number of vertices adjacent to a vertex v, respectively, and use 	(G) to denote
the minimum degree of G. A vertex of degree k is called a k-vertex. A face of an
embedded graph is said to be incident with all edges and vertices on its boundary. Two
faces are adjacent if they share a common edge. The degree of a face f of G, denoted
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by dG(f), is the number of edges incident with it, where each cut-edge is counted
twice. A k-face is a face of degree k. An i-cycle is a cycle with exactly i edges.
In [12], Lebesgue proved a structural theorem about plane graphs, which asserts that
in each 3-connected plane graph, there must exist a vertex with given properties (see
Theorem 2 of [10]). There are many analogous results appeared since then [2,3,5–7,10].
In this paper, we consider the structure of graphs which can be embedded on surfaces
of nonnegative characteristic and in which no two 3-cycles share a common vertex. A
Lebesgue’s type theorem is proved which concerns some unavoidable con1gurations
of such graphs (Theorem 2.1).
Given a graph G, let f; g : V (G) → N be two functions, where N is the set of non-
negative integers. G is said to be (f; g)-choosable if, given any sets A(v) (v∈V (G))
of “colors” with |A(v)|= f(v), we can choose subsets B(v) ⊂ A(v) with |B(v)|= g(v)
such that B(u) ∩ B(v) = ∅ whenever uv∈E(G) [9]. Graph G is (a; b)-choosable for
integers a¿b if G is (f; g)-choosable for f(v) = a and g(v) = b for any vertex v. A
(k; 1)-choosable graph is also called k-choosable. The choosability of graphs is a gen-
eralization of graph coloring, it was 1rst introduced by Vizing [16] and independently
by Erdo˝s et al. [8] two decades ago.
It is known that every plane graph is 5-choosable [13] and there are plane graphs
which are not 4-choosable [17], and moreover, there are 3-colorable plane graphs which
are not 4-choosable [19]. Also, it is known that each plane graph of girth at least 5 is
3-choosable [14] and there are triangles free plane graphs which are not 3-choosable
[18]. In [11], we proved that for each given i∈{3; 4; 5; 6}, every plane graph without
cycles of length i is (4m;m)-choosable (Theorem 1 of [11]) and every plane graph
in which any two triangles have distance at least two is (4m;m)-choosable (Theo-
rem 2 of [11]), and conjectured that every plane graph without adjacent triangles is
(4m;m)-choosable.
As a corollary of Theorem 2.1, we prove that each graph which can be embedded in
surface of positive characteristic and in which no two 3-cycles sharing a common vertex
is (4m;m)-choosable (Theorem 2.2). This result is tight in the sense that there exist
non-3-colorable (certainly non-3-choosable) plane graphs in which any two 3-cycles
have distance at least three. In our proofs, we will apply two results that have been
proved elsewhere.
Theorem 1.1 (Tuza andVoigt [15]). For any nonnegative integer m; every 2-choosable
graph is (2m;m)-choosable.
Since it is easy to see that every even cycle is 2-choosable, it follows that every
even cycle is (2m;m)-choosable, m¿ 0. In [9], Galvin mentioned a lemma by Bondy,
Boppana and Siegel about the relation between orientation and choosability of graphs
(see Lemma 2.1 in [9]). Given a digraph D=(V; A) and two vertices x; y of D, we use
x˜y∈A to denote that there is an arc in D from x to y. Let ND[x]={x}∪{u∈V | x˜u∈A}:
A kernel of D is an independent set K ⊂ V such that, for each vertex u∈V\K , there
is a vertex v∈K such that u˜v∈A. The underlying graph of D is the graph G=(V; E),
where E = {uv | u˜v∈A}. The digraph D is (f; g)-choosable if its underlying graph is
(f; g)-choosable.
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Fig. 1.
Theorem 1.2 (Galvin [9], Bondy, Boppana and Siegel). Let D be a loopless digraph
in which any two vertices are joined by at most one arc in every direction and every
induced subgraph has a kernel; and let f and g be two nonnegative integer functions
on V (D). If f(x)¿
∑
u∈ND[x] g(u) whenever g(x)¿ 0; then D is (f; g)-choosable.
2. Results and proofs
Let G1; G2; : : : ; G12 be the graphs shown in Fig. 1. For 16 i6 12, the vertices of
Gi marked with black points are called black vertices, other vertices are called white
vertices. Two vertices x and y of Gi are called identi7able if (1) they are both black
or both white, and (2) the distance between them is four. For example, G1 has exact
two pairs of identi1able vertices, the pairs of the upper-left vertex and the lower-right
vertex, and the pair of the lower-left vertex and the upper-right vertex. The lower-left
vertex and the upper-right vertex of G2 are not identi1able because they have diCer-
ent colors. Two identi1able vertices are identi7ed if these two vertices are replaced
by a single vertex joining to each of their neighbors. For i∈{1; 2; : : : ; 12}, a graph is
called a variety of Gi if it is obtained from Gi by identifying some identi1able ver-
tices. We use G to denote the family of graphs de1ned in Fig. 1 and all the varieties
of them.
Let G be a graph embedded on a surface of nonnegative characteristic, S a subset
of faces of G. We say that a subgraph H of G is face-induced by S if H consists of
S and all edges and vertices incident with some faces of S. A face-induced subgraph
F of G is called a G-subgraph if F is isomorphic to a graph H ∈G such that (1) each
vertex of F which corresponds to a white vertex of H is a 4-vertex in G, and (2)
each vertex of F which corresponds to a black vertex of H is either a 5-vertex which
implies that H is neither G9 nor its variety, or a 6-vertex which implies that H = G9
or its variety.
Theorem 2.1. Let G be a graph embedded on a surface of characteristic l¿ 0; such
that any two 3-cycles share no common vertex. If 	(G)¿ 4; then G either contains
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a 4-cycle with four 4-vertices on it; or contains a G-subgraph. Moreover; if l¿ 0;
then G contains a G-subgraph isomorphic to one of G11; G12 and the variety of G11.
Proof. By contradiction. Suppose that G is a counterexample embedded on a surface
of characteristic l¿ 0. Then 	(G)¿ 4; G contains no G-subgraph and each 4-face is
incident with at least one vertex of degree greater than four.
By Euler’s formula, we have∑
v∈V (G)
(
3dG(v)
10
− 1
)
+
∑
f∈F(G)
(
dG(f)
5
− 1
)
=|E(G)| − (|V (G)|+ |F(G)|) =−l:
Let w(x)=(3dG(x)=10)−1 when x∈V (G), and w(x)=(dG(f)=5)−1 when x∈F(G).
Then,
∑
x∈V (G)∪F(G) w(x) =−l:
For each 4-face f, we use !¿5(f) to denote the number of vertices of degree at
least 5 which is incident with f, i.e., !¿5(f) = |{v∈V (G)|v is incident with f and
dG(v)¿ 5}|:
Now, we construct a new weight w∗ on V (G) ∪ F(G) as follows such that∑
x∈V (G)∪F(G)
w∗(x) =−l: (1)
(R1) Each vertex transfers 215 to each of its incident 3-faces;
(R2) Each 4-vertex transfers 145 to each of its incident 4-faces;
(R3) Let x be a vertex of degree at least 5, f a 4-face incident with x. Then
x transfers 215 to f if !¿5(f) = 1;
x transfers 790 to f if !¿5(f) = 2;
x transfers 115 to f otherwise.
Since 	(G)¿ 4 and any two 3-cycles share no common vertex, for each vertex x
of G, we have
w∗(x)¿ 4× 3
10
− 1− 2
15
− 3× 1
45
= 0; when dG(x) = 4 (2)
and
w∗(x)¿
3dG(x)
10
− 1− 2dG(x)
15
=
5dG(x)− 30
30
¿ 0; when dG(x)¿ 6: (3)
When x is a 5-vertex, by the choice of G, G contains no G-subgraphs isomorphic
to one of G11; G12 and the variety of G11, so at most one of the 4-faces incident with
x is incident with three 4-vertices, therefore
w∗(x)¿ 5× 3
10
− 1− 2× 2
15
− 3× 7
90
= 0 when dG(x) = 5: (4)
Let f be a face of G. Then
w∗(f) = w(f)¿ 0 when dG(f)¿ 5; (5)
B. Xu /Discrete Mathematics 248 (2002) 283–291 287
w∗(f)¿w(f) + 3× 2
15
= 0 when dG(f) = 3; (6)
w∗(f)¿w(f) +
2
15
+ 3× 1
45
= 0; when dG(f) = 4 and !¿5(f) = 1; (7)
w∗(f)¿w(f) + 2× 7
90
+ 2× 1
45
= 0; when dG(f) = 4 and !¿5(f) = 2
(8)
and
w∗(f)¿w(f) + 3× 1
15
+
1
45
¿ 0; when dG(f) = 4 and !¿5(f)¿ 3: (9)
By (2) to (9), we know that
∑
x∈V (G)∪F(G) w
∗(x)¿ 0, this contradicts to (1) if
l¿ 0. Moreover, if
∑
x∈V (G)∪F(G) w
∗(x) = l = 0, then we have w∗(x) = 0 for each
x∈V (G) ∪ F(G).
Now we assume l= 0 and hence w∗(x) = 0 for each x∈V (G) ∪ F(G).
Claim 1. G contains no vertex of degree greater than 7ve.
Proof. By (3); G contains no vertex of degree greater than six. Assume x is a 6-vertex
of G. Since w∗(x)=0; then each of the faces incident with x receives 215 from x; and it
follows from (R3) that at least 1ve of the faces incident with x are 4-faces and each of
them is incident with three 4-vertices; hence G must contain a G-subgraph isomorphic
to G9 or its varieties; a contradiction.
Claim 2. G contains no face of degree greater than four.
Proof. If it is not the case; suppose that f is a face of degree greater than four; and
that v is a vertex incident with f. Then; by the discharging rules; f get nothing from
v; hence w∗(v)¿w(v) − 215 − 2 × 145 ¿ 0 when dG(v) = 4; and w∗(v)¿w(v) − 2 ×
2
15 − 2× 790 ¿ 0 when dG(v)= 5; contradicts to the assumption that w∗(x)= 0 for each
x∈V (G) ∪ F(G).
Claim 3. Each vertex of G is incident with exactly one 3-face.
Proof. By the choice of G; each vertex is incident with at most one 3-face. From
(2); we know that each 4-vertex must be incident with a 3-face. Let x be a 5-vertex.
By (4); there are two faces incident with x such that each of them receives 215 from
x. If x is not incident with 3-face; then x must be incident with two 4-faces each
of them is incident with three 4-vertices; this implies that G contains a G-subgraph
isomorphic to G11 or G12 or the variety of G11. Therefore; x must be incident with a
3-face too.
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Fig. 2. Fig. 3. The orientations of G10; G11 and G12.
It also can be veri1ed from (4) to (9) that
Claim 4. Each 4-face is incident with at most two 5-vertices. Among the four 4-faces
incident with a common 5-vertex; one is incident with three 4-vertices and each of
the other three is incident with exactly two 4-vertices.
Let v be an arbitrary 5-vertex of G. Then the faces incident with v induce a subgraph
FI(v) which is isomorphic to the graph shown in Fig. 2 or its varieties.
First, suppose that G contains adjacent 5-vertices and v is a 5-vertex adjacent to
some 5-vertices. By Claim 4, exact one of the 4-faces incident with v is incident with
three 4-vertices, we denote this 4-face by f. By symmetry, we can assume that f is
either bounded by vv1u1v2v or bounded by vv2u2v3v (see Fig. 2).
If f is bounded by vv1u1v2v, then dG(v5) = 5 for otherwise G must contains a
G-subgraph isomorphic to G10. A contradiction follows because dG(v5) = 5 implies
either dG(v3) = 5 which implies that G contains a G-subgraph isomorphic to G1 or its
variety, or dG(u2)=dG(u3)=5 which implies that G contains a G-subgraph isomorphic
to G2 or its variety.
Assume that f is bounded by vv2u2v3v. Then, one of v1 and u1 has to be a 5-vertex
in G. If dG(u1)=5, then either dG(v4)=5 which implies that G contains a G-subgraph
isomorphic to one of G7 and its varieties, or dG(u3)=dG(v5)=5 which implies that G
contains a G-subgraph isomorphic to G3 or its varieties, both contradict to the choice
of G. If dG(v1) = 5, then the same argument indicates that G contains a G-subgraph
isomorphic to one of G4; G5; G6 and their varieties, also a contradiction.
Now, we suppose that G contains no adjacent 5-vertices, i.e., dG(vi)=4 for 16 i6 5
(see Fig. 2). By Claim 4, we know that three of u1; : : : ; u4 must be 5-vertices. By sym-
metry, we can suppose that dG(u1) = dG(u2) = 5. By Claim 3, exact one of v2u1 and
v2u2 is incident with a 3-face. Without loss of generality, suppose that v2u1 is inci-
dent with 3-face bounded by v2u1w1v2, and suppose that v2u2 is incident with 4-face
bounded by v2w1w2u2v2. Then, dG(w1)=dG(w2)= 4 because dG(u1)=dG(u2)= 5 and
G contains no adjacent 5-vertices. It is obviously that the faces incident with v2
induces a G-subgraph isomorphic to G8. This contradiction completes the proof of
Theorem 2.1.
Now we shift our focus on to choosability of graphs. Let G13 be the graph
obtained from G11 by identifying the left-most vertex with the right-most vertex. It
is easy to see that G13 is the unique variety of G11, and both G10 and G12 have no
varieties.
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For i = 10; 11; 12, let fi be the integer valued function de1ned on V (Gi) whose
values are as indicated in Fig. 1. Let f13 :V (G13) → {2; 3; 4} be a function de1ned as
following: for u∈V (G13),
f13(u) =
{
dG13 (u) if u is a white vertex;
3 if u is the unique black vertex:
(10)
Lemma 2.1. For i = 10; 11; 12; 13; Gi is (mfi; m)-choosable for every nonnegative
integer m.
Proof. We construct orientations of G10; G11 and G12 as shown in Fig. 3; the orien-
tation of G13 is just the same as that of G11 except identifying the two identi1able
vertices. Then, it is not diOculty to verify one by one by hand that mfi(x)¿m|N [x]|
for each vertex x, and each induced subgraph of them has a kernel. By Theorem 1.2,
Gi is (mfi; m)-choosable.
The following lemma is from [11], we include its proof here for completeness.
Lemma 2.2 (Lam et al. [11]). Given a graph G and two functions f; g :V (G) →
N; where N is the set of nonnegative integers. Let H be a vertex-induced sub-
graph of G; and f′(v) = max{f(v) −∑u∈NG(v)\V (H) g(u); 0} for v∈V (H). If G\H
is (f|G\H ; g|G\H )-choosable and H is (f′; g)-choosable; then G is (f; g)-choosable.
Proof. Let {A(v) | v∈V (G)} be a family of sets such that |A(v)|=f(v) for v∈V (G).
Because G\H is (f; g)-choosable; then for each v∈V (G\H) there is a subset B(v) ⊂
A(v) of cardinality g(v); such that B(u) ∩ B(v) = ∅ whenever uv∈E(G\H).
For each v∈V (H), let A′(v)=A(v)\⋃u∈NG(v)\V (H) B(u). Then |A′(v)|¿f′(v). There-
fore there exists B(v) ⊂ A′(v) such that |B(v)| = g(v) and B(u) ∩ B(v) = ∅ whenever
uv∈E(H) because H is (f′; g)-choosable. The (f; g)-choosability of G immediately
follows.
The only two surfaces with positive characteristic are sphere and projective plane.
Each graph embedable on the sphere is also embedable on the projective plane.
Theorem 2.2. Every graph which can be embedded on the projective plane and in
which no two 3-cycles share a common vertex is (4m;m)-choosable for every nonneg-
ative integer m.
Proof. By contradiction. Suppose that G is a counterexample of minimum order for a
given nonnegative integer m. Then; 	(G)¿ 4; and by Theorem 2.1; G either contains
a G-subgraph which is isomorphic to one of G11; G12 and G13; or contains a 4-cycle
such that each of the vertex on the cycle has degree 4. Let f(v) = 4m and g(v) = m
for v∈V (G).
If G contains a 4-cycle C = v1v2v3v4v1 with dG(vi) = 4; i = 1; 2; 3; 4, then C is
chordless because G contains no two 3-cycles sharing a common vertex, and thus
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f(vi) −
∑
u∈NG(vi)\V (C) g(u) = 2m. By Theorem 1.1, C is (2m;m)-choosable. By the
choice of G; G\V (C) is (4m;m)-choosable. Then by Lemma 2.2, G is (4m;m)-choosable.
A contradiction.
Now, we suppose that each 4-cycle of G has a vertex of degree at least 5, then G
contains a G-subgraph H which is isomorphic to one of G11; G12 and G13. Let f′(x)=
f(x)−∑u∈NG(x)\V (H) g(u). If H is an induced subgraph of G, then by Lemma 2.1, H
is (f′; g)-choosable, and thus a contradiction follows because G is (4m;m)-choosable
by Lemma 2.2. Therefore, we assume that H is not an induced subgraph of G. Then,
H is either G11 or G12. Let H ′ be the subgraph of G induced by V (H), and let
E′ = E(H ′)\E(H). We distinguish two cases.
Case 1: H = G11. Let v be the black vertex. Suppose that in clockwise order, the
three vertices in the left of v are v1; v2 and v3, and the three vertices in the right are
v4; v5 and v6.
Because G contains no two 3-cycles share a common vertex, and each 4-cycle of G
has a vertex of degree greater than 4, one can see that |E′|6 2, and {v2v; vv5; v1v3; v4v6}
∩E′=∅. If |{v3v4; v1v6}∩E′| =0, then G contains a G-subgraph isomorphic to G10, the
same argument as above indicates that G is (4m;m)-choosable, a contradiction. So we
assume that {v3v4; v1v6} ∩ E′ = ∅ also. By symmetry, we can assume that E′ is one of
{v2v4}, {v2v5} and {v2v4; v2v5}. Take E′={v2v5; v2v4} as an instance. In this situation,
f′(v)=f′(v4)=f′(v5)=3m; f′(v2)=4m and f′(v1)=f′(v3)=f′(v6)=2m. We give H ′
an orientation by making two directed cycles vv3v2v1v and vv6v5v4v, and then adding
arcs
→
v2v5 and
→
v2v4 Then, each induced subgraph has a kernel and mf′(x)¿m|N [x]|
for x∈V (H ′). By Theorem 1.2, H ′ is (f′m)-choosable. The (4m;m)-choosability of
G follows from Lemma 2.2, a contradiction.
Case 2: H =G12. Let V (H)= {v; v1; : : : ; v5} with black vertex v such that vv1 · · · v5v
forms a cycle in clockwise order. If v1v4 ∈E′, then G contains a 4-cycle with four
4-vertices on it, and the same happens if either v2v5 ∈E′ or {v1v5; v2v4} ⊂ E′. There-
fore, we assume that E′ is either {v1v5} or {v2v4}. By symmetry we assume that
E′ = {v1v5}. Then, f′(v1) = f′(v3) = f′(v5) = 3m; f′(v) = f′(v2) = f′(v4) = 2m. We
construct an orientation of H ′ by adding
→
v5v1 to the orientation of G12. Then, each
induced subgraph has a kernel and mf′(x)¿m|N [x]| for x∈V (H ′). By Theorem 1.2,
H ′ is (f′m)-choosable. The (4m;m)-choosability of G follows again from Lemma 2.2,
a contradiction also.
This completes the proof of Theorem 2.2.
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